Introduction {#Sec1}
============

Clustering is a well-known procedure to deal with an unsupervised learning problem appearing in pattern recognition. Clustering is a process of organizing data into groups called clusters so that objects in the same cluster are similar to one another, but are dissimilar to objects in other clusters \[[@CR1]\]. The main contribution in the field of clustering analysis was the pioneering work of MacQueen \[[@CR1]\] and Bezdek \[[@CR2]\]. They had introduced highly significant clustering algorithms such as k-means \[[@CR1]\] and fuzzy c-means \[[@CR2]\]. Among all clustering algorithms, k-means is the simplest unsupervised clustering algorithm that makes use of a minimum distance from the center, and it has many applications in scientific and industrial research \[[@CR3]--[@CR6]\] (for more information about the k-means clustering algorithm, see Section [5](#Sec8){ref-type="sec"}). K-means algorithm is distance dependent, so its outputs vary with changing distance measures. Among all distance measures, a clustering process was usually carried out through the Euclidean distance measure \[[@CR7]\], but many times it failed to offer good results. In this paper, we define $\documentclass[12pt]{minimal}
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Throughout the paper, by *ω* we denote the set of all real or complex sequences. Moreover, by $\documentclass[12pt]{minimal}
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Let Ω denote a vector space of all double sequences with the vector space operations defined coordinate-wise. Vector subspaces of Ω are called double sequence spaces. Let us consider a double sequence $\documentclass[12pt]{minimal}
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Remark 1.1 {#FPar1}
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We now state the following known results of \[[@CR18]\] for single sequences (series) which can also be proved easily for double sequences (series).
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Lemma 1.2 {#FPar4}
---------
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Theorem 2.1 {#FPar5}
-----------
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Proof {#FPar6}
-----
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Remark 2.1 {#FPar7}
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Proof {#FPar9}
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\(ii\) By using the definition, easy to prove. □

Theorem 2.2 {#FPar10}
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Lemma 2.2 {#FPar12}
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-----
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Theorem 2.3 {#FPar14}
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Proof {#FPar15}
-----

*Necessity*. We now suppose that $\documentclass[12pt]{minimal}
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                \begin{document}$u \in N(\phi)$\end{document}$.

*Sufficiency*. If $\documentclass[12pt]{minimal}
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                \begin{document}$$\sum_{i,j = 1,1}^{\infty,\infty} \vert u_{ij}x_{ij} \vert \le \Vert u\Vert _{N(\phi)} \Vert x\Vert _{M(\phi)}. $$\end{document}$$ □

Theorem 2.4 {#FPar16}
-----------

*In order that* $\documentclass[12pt]{minimal}
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                \begin{document}$u \in M(\phi)$\end{document}$.

Proof {#FPar17}
-----

Since sufficiency is included in Theorem [2.3](#FPar14){ref-type="sec"}, we only consider necessity. We therefore suppose that $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$N(\phi)$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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===========================================================================================

Lemma 3.1 {#FPar18}
---------

*In order that* $\documentclass[12pt]{minimal}
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Proof {#FPar19}
-----

Since each of the spaces $\documentclass[12pt]{minimal}
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Theorem 3.1 {#FPar20}
-----------
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Proof {#FPar21}
-----

We prove here the first version, while the second version follows by Theorems [2.3](#FPar14){ref-type="sec"} and [2.4](#FPar16){ref-type="sec"}. Since $\documentclass[12pt]{minimal}
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Theorem 3.2 {#FPar22}
-----------
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Proof {#FPar23}
-----

\(i\) Let us suppose that $\documentclass[12pt]{minimal}
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Then, by Lemma [1.2](#FPar4){ref-type="sec"}, there exist real numbers $\documentclass[12pt]{minimal}
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In this section, we implement a k-means clustering algorithm by using $\documentclass[12pt]{minimal}
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                \begin{document}$M(\phi)$\end{document}$-distance measure in k-means algorithm {#Sec7}
----------------------------------------------------------------------------------------------

Two-moon dataset is a well-known nonconvex data set. It is an artificially designed two dimensional dataset consisting of 373 data points \[[@CR19]\]. Two-moon dataset is visualized as moon-shaped clusters (see Figure [1](#Fig1){ref-type="fig"}). Figure 1**Original shape of two-moon dataset.**
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Conclusions {#Sec8}
===========

In this paper, we defined Banach spaces $\documentclass[12pt]{minimal}
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